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Cardiac mechanoelectric feedback can play an important role in different heart pathologies. In this paper, we
show that mechanoelectric models which describe both the electric propagation and the mechanic contraction
of cardiac tissue naturally lead to close systems of equations with global coupling among the variables. This
point is exemplified using the Nash-Panfilov model, which reduces to a FitzHugh-Nagumo-type equation with
global coupling in the linear elastic regime. We explain the appearance of self-oscillatory regimes in terms of
the system nullclines and describe the different dynamical attractors. Finally, we study their basin of attraction
in terms of the system size and the strength of the stretch-induced currents.
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I. INTRODUCTION

Cardiac arrhythmias are associated with problems in the
propagation of the cellular transmembrane potential, leading
to the formation and, eventually, destabilization of rotors
�spiral or scroll waves� �1�. To study this transition, mechani-
cal contraction is usually neglected, being considered to be a
passive consequence of electrical activity. However, simula-
tions of simplified models of excitation-contraction coupling
�2�, as well as of reaction-diffusion equations in a medium
with a varying �oscillatory� metric �3�, suggest that mechani-
cal deformation could play an important role on the stability
of spiral waves. In cardiac muscle, besides excitation-
contraction coupling, where electrophysiological changes
initiate mechanical contraction in the heart, there is a feed-
back system whereby mechanical deformations �e.g., stretch�
can modulate electric activity �4�. This is called mechano-
electric feedback �MEF� and is mediated by stretch-activated
channels �SACs� in the cellular membrane �5�. The observa-
tion that atrial fibrillation is often associated with dilated
atria opens the possibility that MEF plays a relevant role in
the development of that arrhythmia �6,7�.

The particulars of the interplay between excitation and
contraction are very complex, involving the dynamics of
transmembrane potential, ionic currents, intracellular cal-
cium concentration, stretching-induced currents, and fibers
strain and stress �8�. The depolarization of the cell membrane
induces an increase in the intracellular calcium concentra-
tion, triggering the contraction of the cell through the devel-
opment of an active tension. This active tension acts on pas-
sive tissue which has nonlinear stress-strain responses. The
detailed description of these mechanisms �plus stretching-
induced currents� naturally leads to complicated models
which are difficult to analyze theoretically and require heavy
computation time �9�. To gain insight into the possible proar-
rhythmic effects of mechanoelectric feedback, an alternative
approach is to consider, and analyze in detail, simple models
which contain the basic dynamical ingredients of MEF. With
this aim, Nash and Panfilov �10� recently introduced a re-
duced mechanoelectrical model that considers just two vari-
ables for electrical activation and couples active stress di-
rectly to transmembrane potential. Despite its simplicity, this

model presents very interesting behavior, as contraction in-
duced oscillatory behavior �11� or instability of spiral waves
�2�.

The aim of this paper is twofold. First, to demonstrate that
mechanoelectric coupling can lead to rather simple global
feedback provided that deformations are small. It is clear that
mechanoelectric feedback generates nonlocal coupling, for
example, in the form of Green’s functions which arise from
the solution of the elastic equations with a particular set of
boundary conditions. We will show that, in the linear elastic
regime, elastic coupling can introduce a global feedback
term where only average values of the active tension affect
the local evolution of the voltage. This sets the effect of
mechanoelectrical feedback in cardiac tissue in direct rela-
tion with pattern formation structures in other reaction-
diffusion systems, such as the Belousov-Zhabotinsky �BZ�
reaction �12�, or catalytic reaction �13�, such as CO oxidation
on platinum �14�, where the effect of global coupling in the
dynamics of spirals has been studied in detail �15�. We dem-
onstrate this relation using the one-dimensional �1D� Nash-
Panfilov equations as an example of a model which, in the
linear elastic limit, leads to a two-variable excitable system
with global coupling. This two-variable reaction diffusion
with global-coupling �RDGC� model is the most simple way
to incorporate electromechanic dynamics in the heart. Mod-
els with more complex depolarization and intracellular cal-
cium dynamics would lead to a similar simple coupling, but
now with more than two variables involved.

The second aim of this paper is to show the relevance of
the RDGC model in understanding cardiac-tissue dynamics.
We focus on an important property of the Nash-Panfilov
model. In a wide range of parameters, the dynamics of the
model presents successive self-sustained pulses after an ini-
tial excitation �11�. We will show that the RDGC model re-
produces all the basic properties of the Nash-Panfilov model,
including this oscillatory regime. The global coupling of the
RDGC model is sufficient to understand the mechanism be-
hind the generation of these successive ectopic beats. The
demonstration of this equivalence and the explanation of the
mechanism behind the oscillations are made in terms of the
system nullclines. We compute both the nullclines of the full
Nash-Panfilov model in the case of large tissue deformations,
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roughly 20%, and those of the RDGC model. In this latter
case, they can be obtained semianalytically while the former
requires a fully numerical approach. We will show that both
nullclines are identical and present the same basic structure.
This leads to a common mechanism for the explanation of
the sustained oscillations.

Finally, the relevance of the model becomes more evident
when we study the parameter space where oscillatory solu-
tions are present. This analysis is possible, thanks to the nu-
merical simplicity of the RDGC model which allows for a
fast computation of the dynamics with a large number of
different initial parameters. The exploration of the parameter
space, together with the nullcline analysis, shows the impor-
tant effect of the system length in the dynamics. It also gives
approximate values for the level of stretch dependent current
required to obtain oscillations. Following the same approach,
we also address the long term instability of the oscillatory
regime under different parameter conditions. This compre-
hensive analysis allows us to fully understand the details of
the mechanism behind such interesting phenomena.

The outline of the paper is as follows. In Sec. I we present
the Nash-Panfilov model and discuss its validity for 1D
preparations of cardiac tissue, including the different contri-
butions of active and passive stresses. Section II discusses
the reduction in the Nash-Panfilov model to the RDGC
model in the limit of small deformations. We discuss the
validity of the reduction for an arbitrary complex model of
1D cardiac tissue. Section III is devoted to describe the os-
cillatory regime and study its origin using both the full Nash-
Panfilov model and the RDGC model. We demonstrate that
the origin of the oscillations is the same for small and large
deformations via the nullcline analysis of the system. Finally,
we use the RDGC model to study the parameter space where
the oscillatory regime is present.

II. NASH-PANFILOV MODEL

A. Generalities

Our starting point is the Nash-Panfilov model for the
transmembrane potential propagation with electromechanic
feedback,

�tV = D�2V − �hV�V − 1��V − a� − hV − Ig, �1�

�th = ��V���hV − h� , �2�

�tTa = ��V���TV − Ta� , �3�

�XM
�SMN� = 0. �4�

Here V is the normalized dimensionless transmembrane po-
tential, h is a recovery gate, D is the diffusion constant, Xi
are the fixed reference coordinates, xi are the material coor-
dinates, the Laplacian operator reads �2V
=�XM

��CCMN
−1 �XN

V�, SMN is the first Piola-Kirchoff stress ten-
sor, and CMN= ��xk /�XM���xk /�XN� is the right Cauchy-
Green deformation tensor. The mechanical feedback is pro-
vided by a stretch-activated current

Ig = g�V − 1���C − 1���C − 1� , �5�

which only exists when the cell locally stretches, with C
=det�C� and ��x� as the Heaviside function.

To obtain C a set of equations is needed relating the volt-
age with the contraction of the medium. The internal tension
generated in the cell Ta is assumed to depend directly on the
transmembrane potential V �Eq. �3��, with a delay fixed by
��V�, given by ��V�=�a for V�a and ��V�=�b for V�a. The
calcium dynamics and its binding to troponin C, which lead
to the generation of active force in the sarcomere �8�, are
reduced to a simple active stress generated with a certain
delay from the voltage depolarization. Finally, an isotropic
hyperelastic model typical of the Mooney-Rivlin materials is
introduced to describe the mechanical properties of the tis-
sue. The first Piola-Kirchoff stress tensor is SMN

�TMN�xj /�XN, where the second Piola-Kirchhoff tensor T
�TMN �total material stress� is the sum of an active TA and a
passive component TW,

TMN = TW
MN + TA

MN = � �W

�CMN
+

�W

�CNM
� + TaCMN

−1 . �6�

The strain energy function is given by

W = c1�I1 − 3� + c2�I2 − 3� , �7�

with I1=tr�C� and I2= ��tr C�2−tr�C2�� /2 as the first and sec-
ond invariants of C. This model specifies the mechanical
properties of the fiber relating the active stress Ta in the
medium, its passive properties, and the displacements gener-
ated in the fiber given by C.

The Nash-Panfilov model is a good example of a simple
model which includes all the key ingredients of cardiac tis-
sue. It presents voltage propagation, calcium-active tension
dynamics, and elasticity with a mechanoelectric feedback.
The electric part has the minimum number of variables nec-
essary to obtain wave propagation using a reaction-diffusion
model. More complete electric models of cardiac tissue are
usually very complex, with multiple currents, gates, and ion
concentrations involved �16,17�. The generation of the active
tension from the raise in the voltage is a rather strong sim-
plification of the intracellular calcium dynamics, but it incor-
porates the basic delay between the initial fast inward cur-
rents and the final actin-myosin contraction.

However, given that two-dimensional �2D� and three-
dimensional �3D� samples of cardiac tissues are anisotropic
and the Nash-Panfilov model is isotropic, this model fails to
describe properly the most basic elastic behavior unless we
restrict ourselves to study a one-dimensional cardiac fiber. In
this latter case the hyperelastic model used by Nash-Pafilov
�10� can be a correct first approximation. We think it is worth
to detail when this approximation is correct. We proceed to
discuss under which conditions a 3D cardiac tissue basically
behaves as a hyperelastic 1D system.

B. Experimental validity of 1D hyperelastic models

In 3D systems, the basic deformation information comes
from the deformation gradient F=�xk /�XM and the right
Cauchy-Green deformation tensor C introduced in Sec. II A.
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For a patch of cardiac tissue where only one dimension is
relevant, the deformation can be written as

F = 	F�X� 0 0

0 1 0

0 0 1

, C = 	F2�X� 0 0

0 1 0

0 0 1

 . �8�

This structure assumes that there is no external or internally
generated force which depends on coordinates y or z and that
the borders of the 3D object are held fixed in the Y and Z
directions in such a way that there is no friction generated at
the border.

Nevertheless, it is worth remembering that there are other
experimental settings which would lead to a similar deforma-
tion matrix. If the tissue is very thin in the Z direction, the
plane stress approximation can be carried out for the plane
X-Y. The error introduced by considering Eq. �8� would be of
order b2 �with b being the thickness of the tissue�. In this
situation, the starting point is generally a 2�2 matrix where
the third rows and columns of F and C are eliminated.

Furthermore, under general assumptions, provided that
the scale of the remaining dimension of the system is much
larger than the other, normal tensions at the extreme will
have very small effects away from the edges. So, one can
imagine an experimental situation of a very thin cubic tissue
with in-plane fibers pointing in the X direction while having
a large Y dimension compared with the length of the fibers.
The 1D solution obtained for F�X� would be the leading
contribution of the exact solution for the strain field.

In summary, the 1D approximation is experimentally rel-
evant under some specific conditions. Let us now explain in
more detail how the passive and active stresses appear under
the Nash-Panfilov formulation and use it to reduce the com-
plex elastic equations from three dimensions to one dimen-
sion.

C. 1D elastic equation

To obtain the 1D equation for the Mooney-Rivlin model,
we first use the energy indicated in Eq. �7�. The second
Piola-Kirchhoff �material� stress TW related with the elastic
energy is obtained by performing the formal derivatives
�W /�CMN indicated in Eq. �6� �see �18� for more details�, so

TW = 2�c1 + c2 tr�C��I − 2c2C . �9�

Considering Eq. �8� and 3�3 matrices �we take D=3 here
but keep the possibility of D=2 open�, the first Piola-
Kirchhoff �nominal� stress SW=TW ·FT reads �18�

SW = 2�c1 + 2c2��F�X� 0 0

0 1 0

0 0 1
� + 2c2�F2�X� − 1�	0 0 0

0 1 0

0 0 1

 .

�10�

Notice that in this model, SW has an isotropic component
which is not zero in the absence of external forces. To bring
the system close to its natural state one needs an internal
constant isotropic pressure p= pI. There are two different
direct ways to implement this pressure, as a constant pressure

in the real configuration �Cauchy stress tensor� or as an iso-
tropic pressure in the reference configuration following the
same structure as the active stress TA=Ta�X�C−1. The differ-
ence between both is a factor including the determinant of
the deformation gradient.

We consider the first approach so that the passive tensor
Spas reads

Spas = SW + p det�F�F−1. �11�

The pressure p can now be obtained by requiring Spas=0
when F�X�=1. This leads to p=−c̃, where c̃=2�c1+ �D
−1�c2� is generalized for any dimension.

The full tensor S=T ·FT with active and passive parts
now becomes

S = SW − c̃ det�F�F−1 + TaC−1 · FT. �12�

Now, we apply the conservation of momentum �Eq. �4�� to
get

�X
SW
11 + p +

Ta�X�
F�X� � = �X
c̃�F�X� − 1� +

Ta�X�
F�X� � = 0,

�13�

where the other components of the momentum conservation
are fulfilled by construction. Therefore, in the X direction the
total stress is a constant,

c̃�F�X� − 1� +
Ta�X�
F�X�

= B . �14�

Passive stress is related with the deformation via Spas
11 = c̃u,

being u=F−1, while the active stress is related with Ta /
�1+u�.

Notice that in the formulation of Eq. �4�, the constant
pressure can be omitted and the momentum conservation
written as

�X�TF� = 0, with T�X� = c̃ + Ta�X�/F2�X� . �15�

Finally, the stretch current formulated in Eq. �5� can be writ-
ten in terms of F�X� as

Ig = g�V − 1��F − 1���F − 1� . �16�

To conclude this section, let us sum up the Nash-Panfilov
model in one dimension. The model is defined by Eqs.
�1�–�3�, �15�, and �16�. In particular, from now on, we will
consider the plane stress approximation �D=2� and define
c̃=2�c1+c2�.

III. ELASTIC APPROXIMATION AND RDGC MODEL

As discussed in Sec. I, we will show not only that the
mechanoelectric feedback can generate global couplings but
that this coupling is sufficient to understand the mechanism
behind the oscillatory regime in the Nash-Panfilov model
�10� discussed in Ref. �11�.

To this aim, we perform now the small deformation ap-
proximation of the 1D Nash-Panfilov model. The result will
be a two-variable model with global coupling which be-
comes the first-order elastic approximation for any kind of
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hyperelastic model considered. Indeed, we will proof in this
section that other initial models would lead naturally to the
same kind of model with global coupling.

A. Small deformation limit

Let us start with the small deformation approximation,
which we can write as F�1+u�X�, with u�1. Then, Eq.
�15� can be integrated to

c̃�1 + u�X�� + Ta�X��1 − u�X�� = A . �17�

The deformation gradient becomes F�X��1+u�X�
= �A−Ta�X�� / c̃ when Ta� c̃. The integration constant A is
determined by the boundary conditions. If we fix the external
tension of the fiber at Te we can use Eq. �14� to obtain A
= c̃+Te and F�X�=1+ �Te−Ta�X�� / c̃. In the more interesting
case where the fiber is fixed at the extremes �x�0�=0, x�L�
=L�, then

�
0

L

F�X�dX = L , �18�

so A= c̃+ T̄a, with T̄a being the average value of Ta along the
line. The deformation gradient becomes

F�X� = 1 + �T̄a − Ta�X��/c̃, with T̄a =
1

L
�

0

L

Ta�X�dX .

�19�

Thus, the stretching is directly related to the active tension.
If, at a given location, the active tension is lower �higher�
than the average active tension in the system, then the fiber
experiments an extension �contraction� at that point. In this
way we can write Eqs. �1�–�3� and Ig as a closed system of
equations. Particularly,

Ig = �g/c̃��V − 1��T̄a − Ta���T̄a − Ta� . �20�

It is worth mentioning that the condition Ta� c̃ in the paper
does not imply that passive stresses are much smaller than
active stresses. In fact, both in the case of small and large
deformation active stress is at least twice the passive stress.

B. RDGC model

The Nash-Panfilov model can be further simplified be-
cause Ta and h are directly related by Ta= ��T /�h�h given
that ��V� is the same in both cases. By considering g�1 /u
we can write the equivalent system at zeroth order as

�tV = D�X
2V − �hV�V − 1��V − a� − hV

− G�V − 1��h̄ − h���h̄ − h� , �21�

�th = ��V���hV − h� , �22�

where h̄ is the instantaneous average value of h in the whole
tissue giving rise to the global coupling Ig and G
= �g / c̃���T /�h� is the key constant which encompasses the
conductance of the channel g, the elastic properties of me-

dium c̃, and the ratio of activation times �T /�h.
Up to a maximum elongation of around 10% Eqs. �1�–�3�,

�15�, and �16�, on one hand, and Eqs. �21� and �22�, on the
other, are equivalent. Figure 1 presents an example of how
both models reproduce the same results for a case with maxi-
mum elongation of around 5% �max�u�X��=0.05�. We ob-
serve that the main difference between both simulations
arises from differences in the frequency of the oscillatory
regime. It is worth stressing that these small differences in
frequency accumulate eventually leading to a shift in time
between the exact and small deformation solution. Therefore,
comparing the state of the system in both situations after a
long time will not produce comparable results.

However, the type of behavior and the dynamics within
one cycle is almost exact. This point is checked in Fig. 2
where we plot in the bottom graph the instantaneous value of
the voltage along the line. Once the voltage profile is given,
the exact instantaneous deformation u�X� found solving the
full nonlinear Nash-Panfilov problem is the same as the lin-
ear approximation of the deformation obtained from Eq.
�19�.

C. Generality of the minimal model

The same general small deformation limit used to obtain
the RDGC model can be applied to more general electric
models where voltage is controlled by multiple gates and ion

concentrations h� = �h1 ,h2 , . . .�. Equally, models with more de-
tailed calcium-troponin C-tropomyosin dynamics have
higher number of equations which lead to a more complex
generation of Ta. In both cases, however, the basic mechano-
electric feedback would remain unchanged. Generally, the
MEF mechanism in the elastic regime would appear as a
stretch-induced current which has the functional dependence

Ig�V ,h� ,Ta , T̄a�, with T̄a providing the global coupling.
It is important to stress that this general outline does not

necessarily follow when we consider more complex elastic
models. A general elastic model can be highly complex, in-
cluding cases where the total stress cannot be written simply
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Average value of h/κ.
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FNGC model

FIG. 1. �Color online� Using the parameters employed in �11�
we show that the full Nash-Panfilov model �solid line� and the
approximate linear model �dashed line� are equivalent. Left panel:
voltage at the center of the line as a function of time. Right panel:
average value of h /�h along the line. Parameters of the Nash-
Panfilov model: L=6 cm, D=1 mm2 /s, �h=8 s−1, a=0.05, �a

=0.1 s−1, �b=1.0 s−1, kT=5 MPa, c̃=16 MPa, and g=1.6 s−1.
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as the sum of a passive and active part. Then, the first-order
approximation of small deformations could be different from
the one we find here. In general, however, a realistic model
of the heart can be written as having a passive component
with a deformation limit plus an active tension generated by
the calcium intake. Far from the deformation limit, the pas-
sive stresses can be properly approximated by a nonlinear
hyperelastic model. We have included in the Appendix a de-
tailed description of how a general 1D nonlinear hyperelastic
model is reduced in the appropriate limit to our small defor-
mation model. The reduction is useful because it allows us to
show that the differences between a general hyperelastic ma-
terial and the passive elastic approximation used in the Nash-
Panfilov equation are small.

This allows us to state that the RDGC model is a good
approximation for any hyperelastic material considered as a
model of cardiac tissue in one dimension. This statement has
an important caveat. The largest contribution of the active
stress tensor should have the same structure as in the Nash-
Panfilov model. This means that it must be added to the
passive part, as mentioned, and it must behave as Ta�X� as
F�1.

Finally, we do not address here the generality of the
model for 2D and 3D systems. Boundary conditions in
higher dimensional system could lead to different types of

nonlocal couplings. In particular, highly nonlocal couplings
via the propagation of the solution in the form of Green’s
functions must be present in 3D system with changing
boundary conditions �such as in the heart�. Thus, whether
this simple global coupling is an accurate and useful first-
order approximation of the nonlocal coupling generated by
the elastic equations in higher dimensional anisotropic sys-
tems remains an open question. Let us mention, however,
that we have proven that this is indeed the case for 2D radi-
ally symmetric models �19�.

IV. GLOBAL COUPLING AS THE ORIGIN OF THE
CONTINUOUS GENERATION OF ECTOPIC BEATS

The Nash-Panfilov model presents a broad range of pa-
rameters for which the system shows an oscillatory regime
with the successive generation of self-sustained pulses after
an initial excitation �11�. We address now the origin of this
behavior and show that the global coupling present in the
RDGC model is sufficient to understand the mechanism be-
hind the generation of these ectopic beats. We prove this
point by comparing the nullclines of the full model—having
tissue deformations of �20%—with the nullclines of the
RDGC model.

A. Description of the oscillatory regime

Let us begin showing that the simplified model also pre-
sents the characteristic oscillatory behavior of the full Nash-
Panfilov model. In the present and following sections of the
paper we will take D=1 cm2 /s, �h=2000 s−1, a=0.05, and
�a=3 s−1, which give reasonable values of the action poten-
tial duration ��APD��125 ms� and conduction velocity
��CV��30 cm /s� in the absence of stretching-induced cur-
rent. Figure 3 presents a characteristic action potential gen-
erated by the simple Nash-Panfilov electric model using
these parameters

In these conditions, the length of the system L, the nor-
malized strength of the stretching-induced current G, and �b
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FIG. 2. �Color online� Bottom panel: instantaneous shape of the
voltage as a function of distance after an initial external activation
at the center of the line. The final state is a series of periodic pulses
originated at the center which propagate in both the left and right
directions. The model used to describe the evolution is the full
Nash-Panfilov model with parameters L=6 cm, D=1 mm2 /s, �h

=8 s−1, a=0.05, �a=0.1 s−1, �b=1.0 s−1, kT=5 MPa, c̃=16 MPa,
and g=1.6 s−1. Top panel: in black �blue� the exact instantaneous
deformation u�X� corresponding to the state indicated in the bottom
panel. The exact solution is found solving the full nonlinear Nash-
Panfilov problem obtaining F�X� and then using u�X�=F�X�−1.
This solution is compared with the linear approximation of the
deformation—gray �red� line—obtained from Eq. �8� in the paper,

which gives u�X�= �T̄a−Ta�X�� / c̃. This gives an idea of the error we
make when we substitute the full elastic equations by their linear-
ized version.

0 100 200 300 400
0

0.2

0.4

0.6

0.8

1

Time (ms)

N
or

m
al

iz
ed

V
ol

ta
ge

FIG. 3. �Color online� Typical shape of the action potential cor-
responding to a pulse initiated at one end of the line and measured
at 5 cm from the end. Parameters are L=10 cm, D=1 cm2 /s, �h

=2000 s−1, a=0.05, �a=3 s−1, and �b=90 s−1 with no stretching
G=0.
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set us in a three-parameter space which, together with the
initial condition, defines completely the dynamics of the line.
Modifying these parameters, we have systematically found
four characteristic kinds of stable oscillatory attractors
shown in Fig. 4. In Fig. 4�a� the initial excitation is given at
one end of the cable, while in Figs. 4�b�–4�d� it is started at
an arbitrary point of the line. The most typical patterns are
oscillations with a source at a position that depends on the
initial condition �Figs. 4�a� and 4�c��. The other two charac-
teristic oscillations include a final state where two regions of
tissue depolarize alternatively �Fig. 4�b�� and, in very special
cases, a final state where the time between two consecutive
pulses alternates, as shown in Fig. 4�d�.

B. Nullcline analysis of the oscillatory regime
in the Nash-Panfilov and in the minimal model

To explain this behavior we must understand the mecha-
nism that generates the oscillatory regime. For that, it is
helpful to study the nullclines of the RDGC model. From
Eqs. �21� and �22� we find that one of the nullclines is just
h=khV, while the other reads

h = − �h�V − 1��V − a�, if h � h̄ , �23�

h =
V − 1

V − G�V − 1�
�− �hV�V − a� − Gh̄�, if h � h̄ .

�24�

Notice that h̄ changes with the evolution of h�X , t� and must
be computed numerically at each time step from the two-
variable model.

We address now whether this approach provides a faithful
qualitative picture by computing the nullclines of the full
model. In this latter case, the first nullcline h=khV does not
change, but the second nullcline is now more difficult to
obtain since we do not have an analytical expression for
Ig�h�. We need first the deformation F expressed numerically

as F�h�. From Eq. �15� the full nonlinear solution of F reads
as

F�X� =
	

2
+��	

2
�2

−
�Th�X�

c̃�h

, �25�

where 	 is set by the boundary condition and computed nu-
merically every time step. Notice that in the case of a fixed
external tension it is not necessary to compute 	 numerically
since we would have 	= �c̃+Te� / c̃. In any case, F�h� is ob-
tained formally and introduced in the second nullcline equa-
tion,

h = − �h�V − 1��V − a�, if F � 1, �26�

h =
V − 1

V
�− �hV�V − a� − g�F�h� − 1��, if F � 1.

�27�

Figure 5 presents a series of four snapshots of the nullclines
at different times in one cycle of the oscillation. We plot both
the nullclines for a small deformation case �corresponding to
the simulations in Fig. 4�a� using the semianalytical expres-
sions �Eqs. �23� and �24�� and a case with deformations up to
20% using the fully numerical nullclines obtained from Eqs.
�26� and �27��. In both cases L and �b are the same. We also
track the evolution of h and V at the source of successive
waves x=0 and plot their instantaneous values. To visualize

better the process, if instantaneously h�0�� h̄, we take the
expression of the nullclines from Eq. �23� �or Eq. �26� if
instantaneously Ig�0�=0�.
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FIG. 4. �Color online� Four different attractors in the oscillatory
regime for L=6 cm, �b=90 s−1, and G=0.04 �except for graph �d�
where G=0.035� �see text for more details�.
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phase space �V ,h� evolution at the end of the line where waves are
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Black thicker curve shows Vt=0 for small deformations, and black
thinner curve shows Vt=0 computed numerically according to Eqs.
�26� and �27�. The trajectories �V ,h� at x=0 in phase space are
indicated by the gray �red� dotted-dashed line for large deforma-
tions and gray �red� dashed line for small deformations. For the case
of small deformation, the black dotted line indicates the instanta-

neous value of h̄ /�h, the initial �V ,h� is represented by a star, and
the instantaneous by a diamond. Black �white� circle indicates un-
stable �stable� fixed point.
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Both approaches produce very similar results, demonstrat-
ing that the mechanism for the oscillation in the full model is
effectively captured by our small deformation analysis. This
mechanism can now be explained as follows. Once the wave
has originated, the variable h increases above the average

value in tissue h̄ �Fig. 5�a��. At this point, the stretch-
activated channels close at the origin, which begins to re-
cover �Fig. 5�b��. In this situation, the two nullclines inter-
sect at the stable point V=0, h=0. If the relaxation is such

that h̄ remains significantly above zero because some other
part of the line is active �i.e., a wave is still propagating
along the line�, the nullclines suddenly change due to the
opening of the stretch-activated channels �Fig. 5�c��. Then,
V=0 is no longer a steady state, and it is replaced by an
unstable fixed point which pushes again the voltage toward
depolarization �Fig. 5�d��. This generates another wave
which propagates along the line, closing the oscillation loop.

In other words, the general mechanism for the oscillation
can be tracked to the global-coupling mechanism produced
by the mechanoelectric feedback. Once a pulse is emitted,
the variable h at the source point goes locally below the
average value, and the stretch-activated channels open. If the
parameters are adequate, this originates successive excita-
tions at the same point, resulting in oscillatory behavior. This
mechanism is the same both in the linear elastic regime and
in the full Nash-Panfilov model.

V. ANALYSIS OF THE OSCILLATORY REGIME USING
THE MINIMAL MODEL

The study of the RDGC model provides further insight on
the range of parameters under which the oscillatory regime
appears. Since Eqs. �21� and �22� integrate out the elastic
equation in the Nash-Panfilov model, simulations are much
faster and allow us to study the basin of attraction of the
oscillatory regime when the initial excitation is at the end of
the line. The final attractor of the dynamics is either the
trivial fixed point �V=0 along the line�, the attractor shown
in Fig. 6�a�, or the one in Fig. 6�b� �in this latter case, the
source moves from the extreme to another point on the line�.

By scanning systematically the parameter space �G ,L� we
observe that the appearance of oscillatory dynamics requires
both a minimum value of G which increases slightly as L
increases and a minimum length of the system. For small
refractory time �b �see Fig. 6�, a large portion of the phase
space produces initially a series of waves which are not ex-
actly periodic and die out after a long transient. As the re-
covery time �b increases, trajectories approach faster one of
the attractors and oscillatory regimes concentrate around L
=6–7 cm.

The nullcline analysis and the phase portrait of Fig. 6 lead
to an important set of conclusions.

�i� The value of G has to be large enough so that, when
the stretch-activated channels open, the nullclines intersect in
the unstable branch of the cubic nullcline, generating an un-
stable fixed point.

�ii� A global oscillatory regime requires h̄ to oscillate
around a fix high value, otherwise the stretching-induced

current would not be activated at the excitation point. The
appearance of new waves at one point has to be compensated
with the disappearance of waves which reach the other end
of the line. This makes the length of the system and the wave
speed crucial elements of the ectopic generation.

�iii� Furthermore, if the system is too small or the recov-
ery ��b� too low, no oscillation can be sustained because h

has similar values along the tissue, making the difference h̄
−h almost nil.

�iv� The stable oscillatory regime requires h̄ to reach a
perfect global periodicity. The long term oscillations which
eventually die off can be understood in terms of the ampli-

fication of small perturbations in the h̄ orbit. These small
perturbations do not prevent immediately the generation of

new waves, but eventually h̄ can move away from high val-
ues and prevent the activation of Ig at the source of the
waves. We present different movies describing these phe-
nomena in �20�.

We should also notice that oscillations disappear for large
G. In this case, after the initial excitation at the origin, the
strong Ig current activates uniformly a large segment in the
opposite end of the line before the propagating wave reaches

it. As a consequence, h̄ spikes and then decreases rapidly.
The resulting Ig current is too small to generate a new wave.
Furthermore, the high excitability of the system amplifies

small changes in h̄ from one cycle to another �if present�
impeding h̄ to reach a global oscillation. These deviations

from periodicity in h̄ arrive from parts of the tissue that can
be alternatively excited either by wave diffusion �the arrival
of a pulse activates them� or by the Ig current.

VI. DISCUSSION AND CONCLUSION

We have found that a reaction-diffusion model with global
coupling includes the main effect of mechanoelectric feed-
back under some experimental conditions. Specifically, it is
the first-order approximation of any hyperelastic model of

Length (mm)

10
3

G
(d

im
en

si
on

le
ss

)

0 20 40 60 80 100
0

20

40

60

80

100

120

Length (mm)

Stability of the oscillatory regime

0 20 40 60 80 100

10

20

30

40

50

-

FIG. 6. Basin of attraction of the oscillatory regime with initial
excitation at one end of the sample for �b=90 s−1 �left graph� and
for �b=30 s−1 �right graph�. White area indicates lack of successive
waves. Black areas indicate stable oscillatory regime. Gray areas
indicate initial generation of waves which eventually die out. Color
bar indicates relation between gray level and time before activity
die out in seconds.

GLOBAL COUPLING IN EXCITABLE MEDIA PROVIDES A… PHYSICAL REVIEW E 79, 031921 �2009�

031921-7



1D cardiac tissue. It includes two variables so as to be able to
generate a propagating pulse plus a global-coupling term
where a spatial average of the variables is involved in the
generation of the depolarization. We have described the spe-
cific experimental conditions where this model would be
useful to analyze the dynamics. The most common of which
would be a very thin sample of cardiac tissue with a small
fixed length along the fibers. This model sets in vitro cardiac-
tissue dynamics in direct relation with some catalytic reac-
tion and reaction-diffusion systems where global coupling
also plays a crucial role.

Particularly, we have shown the relevance of the model in
describing the mechanism and the conditions under which a
1D experimental sample would present successive self-
sustained ectopic beats. The mechanism behind these phe-
nomena can be understood in terms of the stretch-induced
current which enters the cell only when the local active ten-
sion is below the average value along the cell. This requires
a minimum conductivity for the stretch-activated channels to
sustain the oscillation, together with an adequate length of
the system. Small samples would lead to an almost simulta-
neous depolarization along the fiber without big differences
in the stretching across the sample. Samples which are too
large would not only generate another pulse at the same
place of the previous excitation but also in front of the propa-
gating wave. Both cases make the generation of successive
waves at the same point of the sample impossible.

A very important and difficult question remains to be an-
swered. It relates to the generality of the global coupling
presented in the RDGC model for systems with higher di-
mension. It is not clear from our analysis if 2D and 3D
anisotropic models would have the same kind of first-order
nonlocality. The standard solution of 2D and 3D anisotropic
elasticity problems in the limit of small deformations de-
pends heavily on the boundary conditions. While a particular
nonlocal solution involving Green’s functions could be com-
pared with a simple average solution �for instance, in the
case of radial symmetry in two dimensions; see Ref. �19��, it
is not clear how this could be generalized to all particular
configurations. In one dimension, a fiber with a fixed exten-
sion implies couplings related with the global average, while
fixed tension at the extreme implies a local system of equa-
tions. This kind of statements could be difficult to reproduce
in three dimensions given the different sets of tissue shapes
and boundary conditions possible. Furthermore, it could also
happen that the first-order approximation of the elastic equa-
tions is a particular form of Green’s function in the same
sense that in one dimension the proper first-order Green’s
function is the identity. In any case, given the important in-
sights obtained in one dimension, pursuing the first-order
approximation in 2D and 3D systems could be worthwhile.
Especially, it could be helpful to understand the effects of
elasticity on the stability of fully nonlinear spiral waves.

Concluding, we have been able to understand the under-
lying physical mechanism of the oscillatory regime in the
Nash-Panfilov model demonstrating its equivalence to a
reaction-diffusion model with global coupling and studying
its nullclines. We demonstrated the generality of this cou-
pling as a first-order approximation for any 1D cardiac-tissue

model. We also obtained the basin of attraction of the oscil-
latory regime for initial excitations at the end of the line.
Although it is known �9� that local deformations of up to
10% can produce a single stretch generated action potential,
we have shown that successive and sustained generation of
ectopic excitations depends crucially on the relations be-
tween the length of the system and wave speed/recovery time
of the pulse. This fruitful analysis indicates that similar mod-
els with mechanoelectric coupling for 2D–3D tissue, where
the anisotropy is taken into account, could be equally useful
to understand anomalous cardiac behavior.
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APPENDIX: GENERALITY OF THE MINIMAL MODEL

In this appendix we discuss the limit of small deforma-
tions for a general hyperelastic model. To this end, we recall
that a hyperelastic 3D model has an elastic energy close to its
natural state which can be expanded in terms of the displace-
ment tensor E= �C−I� /2 �see, for example, �18��. This leads
to a second Piola-Kirchhoff stress tensor of the form

Tpas = 
 tr�E�I + 2�E + O�E2� . �A1�

Now we check how this model would read when one con-
siders a 1D system. Taking into account Eq. �8� and neglect-
ing the higher order terms, we get

Tpas = 	�
 + 2���F2 − 1�/2 0 0

0 
�F2 − 1�/2 0

0 0 
�F2 − 1�/2

 .

�A2�

Adding the active part and using the conservation of momen-
tum we obtain

�X�
 + 2�

2
�F2�X� − 1�F�X� +

Ta�X�
F�X� � = 0. �A3�

This model obviously reduces to the Rivlin-Moonley case in
the limit of very small deformations with a redefinition of the
constants. Comparing the relevant passive part,

�
 + 2���F2 − 1�/2 = �
 + 2��u�X��1 + 0.5u�X���1 + u�X�� ,

�A4�

with the expression obtained for the Rivlin-Moonley case
c̃�F−1�= c̃u we find that c̃= �
+2�� in the limit of small
deformations.

Notice that these two models give equivalent results as
long as �1+0.5u�X���1+u�X���1. Therefore, the largest
term we are neglecting in this approximation would intro-
duce corrections to our linear elastic model which go as

E. ALVAREZ-LACALLE AND B. ECHEBARRIA PHYSICAL REVIEW E 79, 031921 �2009�

031921-8



1.5u�X�. This means that for deformations of up to 10% we
should obtain errors of the order of 15%. For example, 10%
deformations using this model correspond to deformations
up to 12% in the model we use in the paper. These differ-

ences cannot change the basic framework of global coupling
when the boundaries are fixed and will not change signifi-
cantly any of the results of the paper, in particular the
nullcline analysis we perform in Sec. IV B.
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